Abstract-For symmetric systems, the useage of symmetric controllers is known to be effective. The existence conditions of the controller have been shown in several studies. They require the symmetry of the plant as well as the control specifications. This paper describes the condition by matrix inequalities and relaxes it to be applicable to the case of non-symmetric sepcifications for the symmetric H∞ controller design. Additionally, the optimal symmetric controller design for mechanical systems is investigated as a special case.
I. INTRODUCTION
Symmetric controller is known to be effective for the symmetric plants [1] . This is because it is regarded as superior to the non-symmetric controller in the robustness and the control performance when the plant is symmetric. For the controller synthesis, several schemes have been proposed [2] , [3] , [4] , [5] , [6] , [7] , including our study on the optimal H ∞ controller design for large space structures [8] . The literatures commonly use the fact that the symmetric controller exists for the plant having the symmetry with respect to the control input and measurement output as well as the exogenous input and controlled output. The controller is optimized for the generalized plant satisfying the symmetry in both senses using Riccati equations [3] . However, there exist some cases that non-symmetric control specifications should be used even when the plant is symmetric, for example the usage of the frequency weighting functions [9] , which are generally non-symmetric, is effective in H ∞ controller design. In view of this, our first objective of this paper is to clarify the existence condition of the symmetric controller and describe it by matrix inequality conditions for the case of non-symmetric control specifications. The condition for the case of symmetric specification is derived from the result. Then, the discussion is focused to a specific class of systems for which non-parametric stability is guaranteed by the symmetric controller [2] , for example the collocated mechanical system and an optimal H ∞ controller design method is derived.
II. PROPERTY OF SYMMETRIC CONTROL SYSTEM
First, we describe the properties of symmetric control systems. Let a controllable and observable system described by the state equation be given as 
where x ∈ R p is the state variable, u ∈ R m is the control input, and y ∈ R m is the measurement output. Laplace transform of G yields the transfer function matrix as
Additionally, let Σ be a signature matrix which is diagonal with diagonal elements of +1 or −1. Then, the following lemmas are known.
The following conditions are equivalent.
There exists a non-singular symmetric matrix T such that
Lemma 2 [1] : The system G is called internally symmetric with internal signature T and external signature Σ if T belongs to the admissible class of signature matrix.
The symmetric property of the control system is generally defined by the input-output relationship of the system. Lemma 1 relates the symmetric structure to the state space realization. The conditions are effectively used in the following symmetric controller design.
III. DESIGN OF SYMMETRIC CONTROLLER
For the symmetric controller, several design schemes have been proposed [3] . They rely on the recognition that the symmetric controllers always exist when a non-symmetric controller exists for the plant, if the control specifications of the closed-loop system as well as the plant are symmetric. In the H ∞ control problem, this statement requires that the exogenous input and the controlled output must be selected to satisfy the symmetry. However, the condition constrains the design flexibility. In view of this, we consider the condition that the symmetric H ∞ controller exists for the symmetric plant with the non-symmetric control specifications.
For the design of the controller, the following generalized plant including (1) is considered by setting A = A, B 2 = B, C 2 = C and D = 0 in (1). It is assumed that A, B 2 and C 2 satisfy the condition (3) as
This is the condition of the plant itself being symmetric.
Other matrices B 1 , C 1 , D 11 , D 12 and D 21 corresponding to the exogenous input w and the controlled output z are appropriately defined. When these matrices also satisfy the condition (3) as
the control specifications are said to be symmetric. For the generalized plant (4), we use the dynamic output feedback controllerẋ
where x k ∈ R k is the state variable of the controller, and B k and C k are assumed to have full ranks. By applying (7) to (4), the closed-loop system becomeṡ
where
and
Then, the bounded real lemma in the H ∞ control theory is given as follows. Lemma 3 [10] : The following statements are equivalent.
1) The matrix A cl is internally stable and the H ∞ norm of the closed-loop system (8) is less than a scalar γ > 0.
2) There exists a matrix
Our objective in this section is to obtain the controller (7) satisfying (10) and
under the conditions (5) or (6) . In (12), T k corresponds to the non-singular symmetric matrix in Lemma 1. We consider to use the following lemmas to the problem. (5) and (12), if the inequality H 11 < 0 is feasible and its solution X cl satisfies the following.
Proof : By multiplying T
−1 cl
to both sides of H 11 , we obtain
where * denotes the transpose of the first term. Therefore, the symmetric controller based on Lemma 1 guarantees the internal stability, if H 11 < 0 is feasible and the condition (14) is satisfied. Proof : It is obvious from Lemmas 4 and 5. 2 Theorem 1 states that there exists a bounded scalar γ > 0 satisfying (10) and we can obtain the symmetric H ∞ controller even when the control specification is not symmetric if the closed-loop system is internally stable. However, from the practical viewpoint, the H ∞ performance may be degraded because of the increase of γ.
For the optimal symmetric H ∞ controller design, we can derive the following corollary from Theorem 1.
Corollary 1 : There exists the symmetric H ∞ controller satisfying (10) under the conditions (5) and (12), if and only if the matrices X and Y satisfy
where Proof : It is derived by applying Lemma 5 to the standard algorithm for H ∞ controller design using the LMIs [11] . 2 From Corollary 1, the symmetric controller can be designed by the convex optimization in the general H ∞ controller design method. In the general case, we might not be able to obtain the solutions of (16), because the closedloop system is not always internally stable under only the conditions (5), (12) and (14). However, for the limited class of the symmetric system, the internal stability can be guaranteed by the property of the symmetric structure as described in the next section.
On the other hand, if the generalized plant (4) also satisfies the symmetric control specifications (6), the following well known fact [3] is derived from Theorem 1.
Corollary 2 : There also exists a symmetric H ∞ controller, if there exists a non-symmetric H ∞ controller for (4) under the conditions (5) and (6) .
In order to clarify the relationship of matrix inequality and Corollary2, its proof is given below.
Proof : Assume that there exists a non-symmetric H ∞ controller under the conditions (5) and (6) . The matrix inequality (10) can be described as
Then, by the congruent transformation, the following matrix inequality is obtained.
By multiplying Y
−1 e
to both sides of (20), the matrix inequality
is derived. From (18) and (22), we obtain the following feasible condition.
T e X e < 0 (23) Therefor, there exists a symmetric H ∞ controller under the conditions (5) and (6), if there exists a non-symmetric H ∞ controller.
2
IV. SYMMETRIC MECHANICAL SYSTEM
In this section, we apply Theorem 1 to the mechanical system which belongs to the specific class of the symmetric system. We consider the mechanical systems, described by the dynamics equation
where q ∈ R n is the displacement vector, u ∈ R m is the control input vector, and w ∈ R l is the disturbance input vector. Matrices M, D and K ∈ R n×n denote mass, damping and stiffness, respectively, and generally satisfy
Positive semi-definiteness implies that the system has rigid body modes corresponding to the zero eigenvalues of D and K. The matrices L ∈ R n×m and F ∈ R n×l are defined by the locations of actuators and the directions of actuator control forces and the points of application and directions of disturbance forces. It is assumed that sensors and actuators are collocated and displacements are measured at the actuator locations. In this case, the measurement output y ∈ R m is described as
In addition, we assume that
This is the requirement for the rigid body modes of (24) being controllable and observable [3] . The type of the system includes the linearized large flexible spacecrft or multi-body mechanical system, for which many robust control method have been investigated.
First, we show that the system satisfies Lemma 1. For the purpose, (24) and (26) are described by the following state equation when w = 0.
T is the state variable and matrices A, B 2 and C 2 are as follows.
This state equation satisfies Lemma 1 when we select
By applying the symmetric controller (7) to (28), the closedloop system becomesẋ
It satisfies the following salient stability property. Theorem 2 : The system (31) is stable if the following condition is satisfied.
Proof : Let a matrix
the following relationship is derived under the conditions (25), (27) and (33).
Therefore, by defining the positive definite symmetric matrix
we obtain the following Lyapunov inequality.
Then, from the conditions (25), (27) and
the pair (W, A cl ) is observable. Therefore, the system (31) is stable under the condition (33). 2 Theorem 2 means that the symmetric controller satisfying (33) guarantees the closed-loop stability based only on the symmetric structure of the mechanical system (31) and the controller (7). This is effective to satisfy the internal stability condition in Theorem 1. Therefore, by applying Theorem 1 to the generalized plant (4) including (24) and (26), we can obtain the optimal symmetric H ∞ controller satisfying suitable control specification under the condition (33).
V. CONCLUSION
We have derived some conditions on the symmetric H ∞ controller design in the form of matrix inequalities. Additionally, its applications to collocated mechanical systems have been investigated. The motivation of our study is to improve the design flexibility of the symmetric controller, especially by relaxing the symmetry constraint of the control specification. For the design purposes, the obtained conditions have been described by LMIs.
To extend our scheme for the frequency shaping method in the H ∞ control theory is currently under study. The result is going to be applied to the attitude control orbit experiment of a large flexible spacecraft.
